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SHARP BOUNDS FOR THE GENERALIZED HARDY OPERATORS
FAYOU ZHAO∗, ZUNWEI FU, AND SHANZHEN LU
Abstract. We get the sharp bound for weak type (1, 1) inequality for n-dimensional
Hardy operator. Moreover, the precise norms of generalized Hardy operators on the
type of Campanato spaces are obtained. As applications, the corresponding norms of
the Riemann-Liouville integral operator and n-dimensional Hardy operator are deduced.
1. Introduction
Let the Hardy operator
H(f)(x) =
1
x
∫ x
0
f(t) dt, x 6= 0,
defined for locally integrable functions f on the line. A classical inequality, due to Hardy
[11], states that
‖H‖Lp(R)→Lp(R) =
p
p− 1
, (1.1)
for 1 < p <∞, and the constant pp−1 is best possible. Thus the classical Hardy inequality
says that the norm of the Hardy operator on Lp(R) is equal to pp−1 .
In 1976 Faris [9] first gave a definition of Hardy operator in n-dimensional case. In
1995, Christ and Grafakos [5] gave its equivalent version of n-dimensional Hardy operator
H(f)(x) =
1
Ωn|x|n
∫
|y|<|x|
f(y) dy, x ∈ Rn\{0},
defined for nonnegative functions on Rn, where Ωn = pi
n/2
Γ(1+n/2) is the volume of the unit
ball in Rn. The norm of H on Lp(Rn), 1 < p < ∞, was evaluated in [5] and found to be
equal to that of the one-dimensional Hardy operator, i.e.,
‖H‖Lp(Rn)→Lp(Rn) =
p
p− 1
. (1.2)
It is often desirable to obtain sharp norm, or weighted, estimates for Hardy integral in-
equalities. For the earlier development of these kinds of inequalities and many important
applications in analysis, we refer to the book [12]. Among numerous papers dealing with
such inequalities, we choose to refer to papers [1], [4], [8] and [17].
To state our main results, we first recall some necessary notations and definitions.
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In what follows, denote Q(x,R) by Q the cube centered at x with sides (parallel to the
axes) length R, |Q(x,R)| the Lebesgue measure of Q(x,R) and
fQ(x,R) =
1
|Q(x, R)|
∫
Q(x,R)
f(y)dy.
It is easy to see that |Hf | ≤ Mf , where M is the central Hardy-Littlewood maximal
operator defined by
Mf(x) = sup
R>0
fQ(x,R).
As we know, maximal operators play a central role in the theory of differentiation of
functions and also in Complex and Harmonic Analysis. Melas [14] found the exact value
of the best possible constant C = 1.5675208 . . . for the weak-type (1, 1) inequality for one-
dimensional centered Hardy-Littlewood maximal operator. It is the first time that the
best constant for one of the fundamental inequalities by a centered maximal operator is
precisely evaluated. Stein and Stro¨mberg [16] obtained certain upper bounds in the case of
centered maximal operators, while the question on whether the best constant in the weak-
type (1, 1) inequality for certain centered maximal operators in Rn has an upper bound
independent of n is still open (see also [2]: Problem 7.74b). For |Hf | ≤ Mf and M is
weak-type (1, 1), it is easy to see that H is also weak-type (1, 1). An interesting question is
whether the constant in the weak-type (1, 1) inequality for n-dimensional Hardy operator
is independent of n as that of strong type (p, p), 1 < p <∞. We will answer this question
in Section 2.
To study the local behavior of solutions of second order elliptic partial differential equa-
tions, Morrey [15] introduced some spaces of functions which are called to be the classical
Morrey spaces Lq,λ(Rn).
Definition 1.1. Let 1 ≤ q < ∞ and −1/q ≤ λ. The Morrey space Lq,λ(Rn) is defined
by
Lq,λ(Rn) =
{
f ∈ Lqloc(R
n) : ‖f‖Lq,λ(Rn) <∞
}
,
where
‖f‖Lq,λ(Rn) := sup
a∈Rn,R>0
(
1
|Q(a,R)|1+λq
∫
Q(a,R)
|f |qdx
)1/q
.
Obviously, Lq,λ(Rn) is a Banach space.
Remark 1.1. Lq,−1/q(Rn) = Lq(Rn), Lq, 0(Rn) = L∞(Rn). When λ > 0, Lq, λ(Rn) =
{0}. Therefore we only consider the case −1/q < λ < 0 below.
Definition 1.2. Let b ∈ Lloc(Rn). We say that b ∈ BMO(Rn) if and only if
sup
Q⊂Rn
1
|Q|
∫
Q
|b− bQ| <∞.
The BMO norm of b is defined by
‖b‖BMO := sup
Q⊂Rn
1
|Q|
∫
Q
|b− bQ|.
If one regards two functions whose difference is a constant as one, then space BMO is
a Banach space.
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Definition 1.3. A locally integrable function f is said to belong to BLO(Rn) if there
exists a constant C > 0 such that for any cube Q ⊂ Rn,
1
|Q|
∫
Q
[
f(x)− inf
y∈Q
f(y)
]
dx ≤ C.
The minimal constant C is defined to be the BLO(Rn) norm of f and denoted by ‖f‖BLO(Rn).
The space BLO(Rn) was first introduced by Coifman and Rochberg in [7]. It should be
pointed out that BLO(Rn) is not a linear space and ‖ · ‖BLO(Rn) is not a classical norm.
It is easy to see
L∞(Rn) $ BLO(Rn) $ BMO(Rn).
Definition 1.4. The Lipschitz space Lipβ(Rn) is the space of functions f satisfying
‖f‖Lipβ(Rn) := sup
x,h∈Rn, h 6=0
|f(x+ h)− f(x)|
|h|β
<∞,
where 0 < β ≤ 1.
Remark 1.2. When 0 < β < 1, Lipβ(Rn) = ∧˙β(Rn), where ∧˙β(Rn) is the homogeneous
Besov-Lipschitz space.
Definition 1.5. Let −∞ < α ≤ 1 and 0 < p < ∞. A locally integrable function f is
said to belong to the Campanato space Eα,p(Rn) if there exists some constant C > 0 such
that for any cube Q ⊂ Rn,
1
|Q|α/n
(
1
|Q|
∫
Q
|f(x)− fQ|
pdx
)1/p
≤ C.
The minimal constant C is defined to be the Eα,p(Rn) norm of f and denoted by ‖f‖Eα,p(Rn).
The Campanato space Eα,p(Rn) was first introduced by Campanato in [3].
Remark 1.3.
Eα,p(Rn) =


Lipα(Rn), for 0 < α < 1,
BMO(Rn), for α = 0,
Lp,α/n(Rn), for −n/p ≤ α < 0.
Motivated by the definition of BLO(Rn), Hu, Meng and Yang [13] introduced the
definition of space Eα,p∗ (Rn), which is a subspace of Eα,p(Rn).
Definition 1.6. Let −∞ < α ≤ 1 and 0 < p < ∞. A locally integrable function f is
said to belong to the Campanato space Eα,p∗ (Rn) if there exists some constant C > 0 such
that for any cube Q ⊂ Rn,
1
|Q|α/n
(
1
|Q|
∫
Q
[
f(x)− inf
y∈Q
f(y)
]p
dx
)1/p
≤ C.
The minimal constant C is defined to be the Eα,p∗ (Rn) norm of f and denoted by
‖f‖Eα,p∗ (Rn). Here E
α,p
∗ (Rn) is not a linear space and ‖ · ‖Eα,p∗ (Rn) is not a classical norm.
Remark 1.4. E0,1∗ (Rn) = BLO(Rn).
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In 1984, Carton-Lebrun, Fosset [4] defined the weighted Hardy–Littlewood average op-
erator Uϕ. Let ϕ : [0, 1] → [0,∞) be a function. For f is a measurable complex-valued
function on Rn, one then defines the weighted Hardy–Littlewood average Uϕ as
(Uϕf)(x) =
∫ 1
0
f(tx)ϕ(t) dt, x ∈ Rn.
For some functions, ϕ, with the same domain, but the range of them may be different.
In this view, we think it may be suitable to call the operator Uϕ the generalized Hardy
operator (see Section 3).
In [17], Xiao obtained that the generalized Hardy operator Uϕ was bounded on L
p(Rn),
1 ≤ p ≤ ∞, if and only if ∫ 1
0
t−n/pϕ(t)dt <∞.
Moreover,
‖Uϕ‖Lp→Lp =
∫ 1
0
t−n/pϕ(t)dt.
The result seems to be of interest as it is related closely to the Hardy integral inequality.
For example, if ϕ ≡ 1 and n = 1, then Uϕ may be reduced to the Hardy operator H
mentioned above, and (1.1) can be deduced immediately. Xiao also showed that Uϕ was
bounded on BMO(Rn). And the precise norm of Uϕ on BMO(Rn) was
‖Uϕ‖BMO(Rn)→BMO(Rn) =
∫ 1
0
ϕ(t)dt.
We gave a new method to get the sharp bound for n-dimensional Hardy operator in
[10]. It relies on the method of rotations and on the principle that many positive averaging
operators attain their (weighted or unweighted) Lebesgue space operator norms on the
subspace of radial functions. In section 3, we will discuss the precise norms of generalized
Hardy operators on the type of Campanato spaces. As applications, the corresponding
norms of the Riemann-Liouville integral operator and n-dimensional Hardy operator are
deduced, respectively.
2. Weak-type (p, p) bounds of n-dimensional Hardy operators
Theorem 2.1. For 1 ≤ p ≤ ∞, the following inequality
‖H(f)‖Lp,∞(Rn) ≤ 1 · ‖f‖Lp(Rn)
holds. Moreover,
‖H‖Lp(Rn)→Lp,∞(Rn) = 1.
Obviously, the best constant in the weak-type (1, 1) inequality for H is independent of
n.
Remark 2.1. From Theorem 2.1 and Theorem 1 in [5], we know that for 1 < p <∞
‖H‖Lp(Rn)→Lp,∞(Rn) = 1 <
p
p− 1
= ‖H‖Lp(Rn)→Lp(Rn).
Also we can deduce that
‖H‖L1(R)→L1,∞(R) = 1 < 1.5675208 . . . = ‖M‖L1(R)→L1,∞(R).
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Proof of Theorem 2.1 We only give the proof of the case 1 < p < ∞, with the usual
modifications made when p = 1 or p =∞. For 0 < λ <∞, we have
|{x ∈ Rn : |Hf(x)| > λ}|
=
∣∣∣∣∣
{
x ∈ Rn :
∣∣∣∣∣ 1Ωn|x|n
∫
|y|<|x|
f(y)dy
∣∣∣∣∣ > λ
}∣∣∣∣∣
≤
∣∣∣∣∣∣

x ∈ Rn : 1Ωn|x|n
(∫
|y|<|x|
|f(y)|pdy
)1/p(∫
|y|<|x|
)1/p′
> λ


∣∣∣∣∣∣
≤
∣∣∣∣
{
x ∈ Rn :
‖f‖Lp
(Ωn|x|n)1/p
> λ
}∣∣∣∣
=
∣∣∣∣
{
x ∈ Rn : |x|n <
‖f‖pLp
λpΩn
}∣∣∣∣
=
∫
Sn−1
∫ ( ‖f‖pLp
λpΩn
)1/n
0
rn−1drdx′
= 1 ·
‖f‖pLp
λp
.
where we use Ho¨lder’s inequality with index p.
On the other hand, we will show that the constant 1 is the best possible. Denote
χr = χ[0, r], r > 0. Taking f0(x) = χr(|x|), we get
‖f0‖
p
Lp = Ωnr
n,Hf0(x) =
1
Ωn|x|n
∫
|y|<|x|
χr(|y|)dy ≤
1
Ωn|x|n
∫
|y|<|x|
dy = 1.
For 0 < λ < 1, we divide r into two cases:
(i) when r > |x|,
Hf0(x) =
1
Ωn|x|n
∫
|y|<|x|
χr(|y|)dy =
1
Ωn|x|n
∫
|y|<|x|
dy = 1.
Then
|{x ∈ Rn : Hf0(x) > λ}| = |{x ∈ Rn : 0 < |x| < r}| = Ωnrn.
(ii) when r ≤ |x|,
Hf0(x) =
1
Ωn|x|n
∫
|y|<|x|
χr(|y|)dy =
1
Ωn|x|n
∫
|y|<r
dy =
rn
|x|n
.
Then
|{x ∈ Rn : Hf0(x) > λ}| = |{x ∈ Rn :
rn
|x|n
> λ; r ≤ |x|}| = Ωnr
n(1/λ − 1).
From the above results, we have the following estimate
|{x ∈ Rn : Hf0(x) > λ}| =
1
λ
Ωnr
n =
1
λ
‖f0‖
p
Lp .
It implies that for 1 < p <∞
sup
0<λ<1
λ|{x ∈ Rn : Hf0(x) > λ}|1/p = sup
0<λ<1
λ1−1/p‖f0‖Lp = 1 · ‖f0‖Lp .
Therefore, we finish the proof of Theorem 2.1. 
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Remark 2.2. H is not strong-type (1, 1).
In fact, we take f(x) = |x|αχr(|x|), α > −n. Obviously, f ∈ L
1(Rn), but∫
Rn
Hf(x)dx ≥
∫
|x|>r
1
Ωn|x|n
∫
|y|<r
|y|αdydx =
n
n+ α
rn+αωn
∫ ∞
r
dt
t
=∞.
3. Sharp bounds for generalized Hardy operators on the spaces of
Campanato types
Theorem 3.1. Let ϕ : [0, 1] → [0,∞) be a function and 1 ≤ p < ∞, −n/p ≤ α < 1.
Then Uϕ is a bounded operator on E
α,p(Rn) if and only if∫ 1
0
tαϕ(t)dt <∞. (3.1)
Moreover,
‖Uϕ‖Eα,p(Rn)→Eα,p(Rn) =
∫ 1
0
tαϕ(t)dt.
Example 2.1 If n = 1 and ϕ(t) = β(1− t)β−1(β > 0), then
Uϕf(x) =
β
xβ
∫ x
0
(x− t)β−1f(t)dt.
This operator is called the Riemann-Liouville integral operator Rβ. We now easily get the
following results
Corollary 3.1. Let 1 < p <∞. Then Rβ is a bounded operator on L
p(R). Moreover,
‖Rβ‖Lp(R)→Lp(R) = βB(1− 1/p, β),
where B is the usual beta function.
Corollary 3.2. Let 1 ≤ p <∞ and −1/p ≤ α < 1. Then Rβ is a bounded operator on
Eα,p(R). Moreover,
‖Rβ‖Eα,p(R)→Eα,p(R) = βB(α+ 1, β).
Example 2.2 If ϕ(t) = 1 and n = 1, Uϕ is just reduced to the classical Hardy operatorH.
If ϕ(t) = ntn−1, n ≥ 2 and f is a radial function, then Uϕ is just reduced to n-dimensional
Hardy operator H (cf. [5], [8], [9]). In fact, using the polar coordinate transformation, we
have
Hf(x) =
1
Ωn|x|n
∫
|y|<|x|
f(y) dy
=
1
Ωn|x|n
∫
∑
n−1
∫ |x|
0
f(ry′)rn−1dr dσ(y′)
=
1
Ωn
∫
∑
n−1
∫ 1
0
f(ry′|x|)rn−1dr dσ(y′)
=
ωn
Ωn
∫ 1
0
f(tx)tn−1dt
=
∫ 1
0
f(tx)ntn−1dt.
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Therefore, we yield the norm of n-dimensional Hardy operator including the classical one
on the Campanato space.
Denote by E˜α,p(Rn) = {f : f is radial and f ∈ Eα,p(Rn)}.
Corollary 3.3. Let 1 ≤ p < ∞, −n/p ≤ α < 1. Then H is a bounded operator on
E˜α,p(Rn). Moreover,
‖H‖E˜α,p→E˜α,p =
n
n+ α
.
Set BMO(Rn) = {f : f is radial and f ∈ BMO(Rn)}. We have
‖H‖BMO→BMO = 1.
Proof of Theorem 3.1. Let f ∈ Eα,p(Rn). For any Q we use Fubini’s theorem to get
(Uϕf)Q =
1
|Q|
∫
Q
(Uϕf)(y)dy
=
1
|Q|
∫
Q
∫ 1
0
f(ty)ϕ(t)dt dy
=
∫ 1
0
1
|Q|
∫
Q
f(ty)dy ϕ(t)dt
=
∫ 1
0
ftQϕ(t)dt.
Then we use the Minkowski integral inequality and get the following estimate
1
|Q|α/n
(
1
|Q|
∫
Q
|(Uϕf)(y)− (Uϕf)Q|
p dy
)1/p
=
1
|Q|α/n
(
1
|Q|
∫
Q
∣∣∣∣(Uϕf)(y)−
∫ 1
0
ftQϕ(t)dt
∣∣∣∣
p
dy
)1/p
=
1
|Q|α/n
(
1
|Q|
∫
Q
∣∣∣∣
∫ 1
0
(f(ty)− ftQ)ϕ(t)dt
∣∣∣∣
p
dy
)1/p
≤
1
|Q|α/n
∫ 1
0
(
1
|Q|
∫
Q
|f(ty)− ftQ|
p dy
)1/p
ϕ(t)dt
=
∫ 1
0
1
|tQ|α/n
(
1
|tQ|
∫
tQ
|(f(z)− ftQ|
p) dz
)1/p
tαϕ(t)dt
≤
∫ 1
0
tαϕ(t)dt · ‖f‖Eα,p(Rn),
where the last equality we use the variable z = ty.
On the other hand, we will show the constant
∫ 1
0 t
αϕ(t)dt is best possible. We will
consider three cases.
(i) 0 < α < 1.
Let f0(x) = |x|
α, x ∈ Rn. We have
|f0(x+ h)− f0(x)| = ||x+ h|
α − |x|α| ≤ |h|α
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for x ∈ Rn and h ∈ Rn\{0}. This yields that f0 ∈ Lipα(Rn). And
(Uϕf0)(x) =
∫ 1
0
f0(tx)ϕ(t)dt =
∫ 1
0
tαϕ(t)dt · |x|α =
∫ 1
0
tαϕ(t)dt · f0(x).
(ii) α = 0.
Xiao [17] gave an suitable function as follows:
f0(x) =
{
1 x ∈ Rnl
−1, x ∈ Rnr ,
where Rnl and R
n
r denote the left and right halves of R
n, separated by the hyperplane
x1 = 0 (x1 is the first coordinate of x ∈ Rn).
(iii) −n/p ≤ α < 0.
We also take the function f0(x) = |x|
α, x ∈ Rn which is the same as case (i)(cf. [10]). 
Similar to the proof of Theorem 3.1, we also get the following result
Theorem 3.2. Let ϕ : [0, 1] → [0,∞) be a function and 1 ≤ p < ∞, −n/p ≤ α < 1.
Then Uϕ is a bounded operator on E
α,p
∗ (Rn) if and only if (3.1) holds. Moreover,
‖Uϕ‖Eα,p∗ →Eα,p∗ =
∫ 1
0
tαϕ(t)dt.
Denote by E˜α,p∗ (Rn) = {f : f is radial and f ∈ E
α,p
∗ (Rn)}.
Corollary 3.4. Let 1 ≤ p < ∞, −n/p ≤ α < 1. Then H is a bounded operator on
E˜α,p∗ (Rn). Moreover,
‖H‖E˜α,p∗ →E˜α,p∗ =
n
n+ α
.
Set BLO(Rn) = {f : f is radial and f ∈ BLO(Rn)}. We have
‖H‖BLO→BLO = 1.
Remark 3.1. We conjecture that the radial conditions of Corollary 3.3 and 3.4 can be
removed.
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